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Time : 3 Hours Marks : 80

Instruction :
1. All Questions are Compulsory.
2. Each Sub-question carry 5 marks.
3. Each Sub-question should be answered between 75 to 100 words. Write every questions

answer on separate page.
4. Question paper of 80 Marks, it will be converted in to your programme structure marks.

1. Solve any four sub-questions.
a) A European call option and a European put option each have a strike price of 105.

Find the expected pay-off for these options if the share price at expiry can be assumed
to be uniformly distributed between 90 and 110. 5

b) Based on general reasoning derive the upper and lower bounds on the price of a
European call option on a non-dividend paying share. Define all terms used. 5

c) Derive an expression for the put-call parity of a European option that has no dividend
payable prior to the exercise date. 5

d) Define : Delta, Gamma, Theta, Kappa (Vega), Rho and Lambda. 5
e) The following table shows the portfolio of OTC [Over The Counter] options on an

equity share held by an investment Bank:
Type of option Option Delta Option Gamma Option Vega Size of Position

Call 0.5 2.2 1.8 –1,500
Call 0.7 1.8 1.4 –750
Call 0.8 0.6 0.2 –750
Put –0.4 1.3 0.7 –3,000

i) Calculate the delta, gamma and vega of the investment bank’s portfolio. 3

ii) An exchange offers a traded option on the same equity share with the following
parameters:
Delta 0.6
Gamma 1.5
Vega 0.8

Calculate the position in the traded option and in the equity share to make the
investment Bank’s position both delta–neutral and gamma-neutral. 2
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2. Solve any four sub-questions.
a) The increase in the price of a share over the next year is believed to have a mean of

10% and a S.D. of 10%.
Determine the values of u and d for a one-step binomial tree model that are consistent
with the mean and standard deviation of the return on the underlying share, assuming
that the share price is twice as likely to go up than to go down. 5

b) A non-dividend-paying stock in an arbitrage-free market has a current price of 150p.
Over each of the next two years its price will either be multiplied by a factor of 1.2 or
divided by 1.2. The continuously compounded risk-free rate is 1% p.a. The value of
an option on the stock is 50p.
Denote by Puu the value of the payoff if both stock price moves are up, pud for the
value of the payoff if one move is up and one is down (this is the same which ever
order the price moves occur), and Pdd for the value of the payoff if both stock price
moves are down. The price of the stock is to be modelled using a binomial tree approach
with annual time steps.
Derive, and simplify an equation for Puu in terms of Pud and Pdd. 5

c) A non-dividend-paying stock has a current price of 300p. Over each of the next two
three-month periods its price will either go up by 30p or down by 30p. Price
movements for each period are independent of each other. An investment in a cash
account returns 2% per quarter. A European call option on the stock pays out in six
months based on a strike price of 290p. The price of the stock is to be modelled using
a binomial tree approach with three-month time steps.
Calculate the value of the call option today using a risk-neutral pricing approach.

5
d) i) State the martingale representation theorem in discrete time. 2

ii) If Xt is a martingale with respect to the implied measure Q = (q, 1–q) then show
that q = –d/(u – d) where u(>0) and d(<0) are possible values of Xt+1 – xt which
occur with probabilities q and 1 – q respectively. 2

iii) Explain in words how ϕt is related to the two martingale processes Xt and Yt. 1

e) i) Consider share price process 
2
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standard Brownian motion under P. Show that ( )
0
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ii) When is Dt = e–rtSt a martingale under P? 1

iii) How to make Dt unconditionally martingale? 1
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3. Solve any four sub-questions.
a) One of the assumptions underlying the Black and scholes option pricing model is that

the price of the asset underlying follows a geometric Brownian motion. Discuss briefly
what this assumption means; and why this assumption may not be valid in practice. 5

b) Using the standard Black-Scholes call option pricing formula, calculate the price of
an European call on a non-dividend paying stock with the following features:
• Current price of the underlying stock: 200
• Strike price: 200
• Time to expiration: 1 year
• Risk free rate: 6% pa [continuously compounded]
• Volatility: 25% pa
State assumptions, if any. 5

c) i) State the assumptions underlying the Black-Scholes market. 3
ii) An investor buys, for a premium of 187.06, a call option on a non-dividend
paying stock whose current price is 5,000. The strike price of the call is 5,250 and
the time to expiry is 6 months. The risk free rate of return over this period is 5% p.a.
Calculate the price of a put option with the same time to maturity and strike price as
the call. 2

d) i) Define a replicating portfolio. 1
ii) It is proposed that Vt = e–r (T–t) EQ[X|Ft] is the fair price at time t for a derivative

with a random payoff X at time T. The derivative is based on an underlying
share with value St, t > = 0. Let Bt = ert denote the value at time t of a simple
cash process. In this formula, Q is the risk neutral probability measure. Let
Dt = e–rtSt. Show that Dt is a martingale under Q. 4

e) Give 5-step method in continuous time to value an option based on martingale. 5

4. Solve any four sub-questions.
a) i) Let c(t) denote the accumulated value at time t of 1 unit of cash invested at time

0, assuming that the cash always earns the risk-free interest rate r(t), so that:
d c(t) = r(t) c(t)dt

Prove that ( )
0

exp
t

c t rdu= ∫ 2

ii) An individual invested a sum of 10,000 at time 5 in an account that earns the
risk-free rate of interest. Over the period from time 0 to time 10, the risk-free
rate  has increased linearly from 4% to 8%. Calculate the accumulated value of
the account at time 10. 3
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b) The following is a list of zero rates (with continuous compounding) for zero coupon
bonds of various maturities.

Maturity (Years) Zero Rates
1 10%
2 11%
3 12%
4 13%

In addition to the zero coupon bonds, investors may also purchase a two-year maturity
coupon bond, paying coupons once per year with a coupon rate of 10%. The face
value of the coupon bond is Rs. 1000.
i) What are the forward rates for the second, third and the fourth years? 3
ii) At what price will the coupon bond sell for today? 2

c) i) Current price of zero-coupon bond of maturity value 100 maturing in time 5 is
0.72. Current price of zero-coupon bond of maturity value 100 maturing in time
6 is 0.68.
Calculate the forward rate for the 5th year. 2

ii) Explain the term recovery rate for a bond? 1
iii) A corporate bond yields 200 basis points more than the similar risk free bond

and the expected recovery rate is 40%. What is the probability of default given
that there are no defaults in earlier year? 2

d) i) List the possible outcomes of a default on a corporate bond. 2
ii) Describe how the Jarrow-Lando-Turnbull (J-L-T) credit risk model is an example

of a “Reduced form model”. 3
e) i) A company has the following three sources of capital on its balance sheet at

time 0.
Source Face value Maturity Interest/dividend
Equity 20 million Undated None
Subordinated debt 8 million 5 years None
Senior debt 5 million 5 years None
In case of liquidation senior debt takes priority over Subordinated debt and
subordinated debt takes priority over equity.
Use the Merton’s model to express the value of the senior Debt in terms of a
European put option. 3

ii) List undesirable features of Vasicek Model for the term structure of interest
rate. 2
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