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Time : 3 Hours Marks : 80

Instruction :
1. All Questions are Compulsory.
2. Each Sub-question carry 5 marks.
3. Each Sub-question should be answered between 75 to 100 words. Write every questions

answer on separate page.
4. Question paper of 80 Marks, it will be converted in to your programme structure marks.

1. Solve any four sub-questions.
a) Discuss briefly the key steps involved in a modelling process. 5
b) You have been commissioned to develop a model to project the assets and liabilities

of an insurer after one year. This has been requested following a change in the regulatory
capital requirement. Sufficient capital must now be held such that there is less than a
0.5% chance of liabilities exceeding assets after one year.
The company does not have any existing stochastic models, but estimates have been
made in the planning process of worst case scenarios.
Set out the steps you would take in the development of the model. 5

c) i) What is a stochastic process?
ii) For each of the following processes :

• counting process
• simple random walk
• compound Poisson process
• Markov jump process
1) State whether the state space is discrete, continuous or can be either.
2) State whether the time set is discrete, continuous, or can be either.

5
d) i) Define the following stochastic processes :

1) Poisson process
2) Compound Poisson process

ii) Identify the circumstances in which compound Poisson process is also a Poisson
process. 5

e) Xt is a simple random walk with p as the increment probability.
Calculate P (X10 = 10|X0 = 0), P (X10 = 0|X0 = 0), P (X10 = 5|X0 = 0), P (X100 = 10|X0 = 0)

5

(P.T.O.)
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2. Solve any four sub-questions.
a) A shopkeeper runs his shop in an area that typically gets heavy rains. He has three

umbrellas.
Every day, he goes to his shop in the morning and comes back home in the evening. If
it is raining in the morning, he would carry an umbrella on the way to the shop (unless
if unfortunately, all three umbrellas happen to be at the shop). Likewise, if it is raining
in the evening, he would carry an umbrella on his way back home (unless if,
unfortunately, all three umbrellas happen to be at his home). If it is raining and he
doesn’t have an umbrella, he would still need to go to his shop (or come back home)
and will unfortunately end up getting wet.
If it is not raining in the morning, and all three umbrellas are at home, he would
nevertheless carry an umbrella to the shop just in case it rains in the evening. However,
if he has goods to carry to his shop that day, he would not be able to carry an umbrella
and would run the risk of getting wet in the evening.

Likewise, if it is not raining in the evening, and all three umbrellas are at shop, he
would nevertheless carry an umbrella back home just in case it rains next morning.
However, if he has goods to carry back home that evening; he would not be able to
carry an umbrella and would run the risk of getting wet the next day.
In other words, he would always carry an umbrella if :

• It is raining and he has an umbrella to carry from his starting place ; or

• It is not raining, he has all three umbrellas at his starting place and he does not
have any goods to carry.

The probability that he has goods to carry from one place to the other (home to shop
or shop to home) is 75%.
The probability that it’s raining in the morning is p. Likewise, the probability that it’s
raining in the evening is also p. Rains in the morning and in the evening are events
independent of each other.
Draw a transition diagram and write down the transition matrix for this Markov chain.
[Hint : You may define Xi to represent the number of umbrellas at a place where the
shopkeeper presently is. Xi can take the values 0, 1, 2 and 3.]

5
b) A  credit ratings company assessed the credit worthiness of various firms every quarter;

the ratings (in decreasing order of merit) are A, B, C and D (default). The rating
company has analyzed historical data and has come to the conclusion that the credit
rating a typical firm evolves a Markov chain with the following transition matrix :
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for some parameter α.

i) Determine the range of values of “α” for which the matrix P is a valid transition
matrix.

ii) State with reasons whether the chain is irreducible and a periodic.
5

c) An automobile insurance company operates a 5 level no claims discount system as
defined below :

Level % premium charged

5 100

4 90

3 80

2 70

1 60

Insured drivers move between the levels depending on the number of claims in the
previous year.

For each policyholder, the Number of claims per year follows a Poisson distribution
with a mean of 0.25.

For those in levels 2, 3, 4 and 5 at the start of the previous year :

• If no claims were made in the previous year, the insured moves down one level
(for example from level 4 to level 3)

• If one claim is made in the previous year, the insured moves up one level (except
those in level 5 at the start of the previous year, who remain in level 5)

• If two claims are made in the previous year, the insured moves up two levels
(except those in level 5 at the start of the previous year remain in level 5 and
those in level 4 move to level 5)

• If three or more claims are made during the previous year, the insured moves to
level 5

(P.T.O.)
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For those in level 1 at the start of the previous year, a no claims discount protection
policy applies whereby they remain in level 1 if they make one claim. If they make
two claims they move to level 2. If they make three or more claims, they move to
level 5. If they make no claims, they remain in level 1.
Determine the transition matrix for the no claims discount system (you can assume
that all drivers continue with their policies).

5
d) The cricket association in a country is known to set very tough standards for the captain

of its test team. It strips the captain of his captaincy if the team loses four consecutive
test matches. The captain so sacked is not eligible to be captain again.
Based on the past data, you may expect the team to emerge victorious on 20% of the
occasions to the delight of the nation. However, on 30% of the occasions, the team is
expected to lose the match and invite the wrath of the citizens. Remaining 50% of the
matches are expected to end up being dull and boring draws.
i) Express this process as a Markov chain denoting the current number of successive

defeats and construct a transition matrix.
ii) The team has just returned from a tour to the reigning world champion nation

where it lost the last four test matches after pulling off a surprise victory in the
first test match. The administration has duly sacked the then captain and replaced
him with a new captain. Estimate the probability that the new captain will remain
as a captain for exactly four matches.

5
e) i) Explain what is meant by a time-homogeneous Markov chain.

ii) Distinguish between the conditions under which a Markov chain:
1) has at least one stationary distribution.
2) has a unique stationary distribution.
3) converges to a unique stationary distribution.

5

3. Solve any four sub-questions.
a) Consider a one-server system which follows continuous two state Markov Process

with two possible states : 0 (idle) and 1 (busy).
Assuming that the arrival process of the customers is a Poisson process with mean
rate λ and the service time of the server have mean rate μ.
Let P0(t) be the probability that the server is idle at time t and P1(t) be the probability
that the server is busy at time t.
Determine the steady state probability P0(t). 5
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b)  A scientist identifies 1,000 newborn kittens and observes them during their first year
of life. Scientist wishes to calculate a constant force of mortality (μ) in the first year
covering all causes of death. If the true μ is 0.05, calculate the probability that the
hazard rate observed by the scientist is greater than 0.06. 5

c) A life insurance company prices its long-term sickness policies using a three-state
Markov model in continuous time. The states are healthy (H), ill (I) and dead (D). The
forces of transition in the model are σHI = σ, σIH = ρ, σHD = μ, σID = ν and they are
assumed to be constant over time.
For a group of policyholders observed over a 1-year period, there are :
23 transitions from State H to State I ;
15 transitions from State I to State H;
3 deaths from State H;
5 deaths from State I.
The total time spent in State H is 652 years and the total time spent in State I is
44 years.
i) Write down the likelihood function for these data.
ii) Derive the maximum likelihood estimate of σ. 5

d) An investigation into mortality be cause of death used the four-state Markov model
shown below.

Show from first principles that

 12 12 11
t x x tt xP P

t
μ +

∂
=

∂
5

e) A Markov process has two states, labelled state 0 and state 1. You are givenμ01 = 0.01
and μ10 = 0.10
Write down Kolmogorov’s forward differential equation for the probability P01(t) and
solve this differential equation to obtain an expression for P01(t) 5

(P.T.O.)
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4. Solve any four sub-questions.

a) Consider a time-homogeneous Markov jump process { }( ) : 0X t t ≥  with two states

denoted by 0, 1, and transition rates 0,1 1,0,σ λ σ μ= = .

i)  Write down the Chapman-Kolmogorov equations and differentiate it to obtain
the forward and backward equations.

ii) State Kolmogorov’s forward equation for the probability P0,0(t) that X is instate
0 at time t, given that it starts in state 0.

5

b) Two trains 2301 and 2401 stop at Dadar and go to Church gate. I am waiting at Dadar.
2401 is a “fast” train and has fewer stops and hence takes lesser time. Both the trains
arrive at Dadar in accordance with independent Poisson processes with parameters 5
per hour and 1 per hour respectively.

Calculate the probability that

i) Exactly six 2301’s and no 2401 to arrive in the next one hour

ii) At least 3 trains arrive in the next half an hour 5

c) Patients arriving at the Accident and Emergency department at AIIMS (State A) wait
for an average of one hour before being classified by a junior doctor as requiring
in-patient treatment (I), out - patient treatment (O) or further investigation (F). Only
10% of the new arrivals are classified as in - patient and 50% as out - patients.

If needed, further investigation requires an average of 3 hours, after which 50% of the
cases are discharged (D), 25% are sent to receive outpatient treatment and 25% are
admitted as in - patients.

Out - patient treatment takes an average of 2 hours to complete, in - patient treatment
an average of 60 hours. Both result in discharge.

It is suggested that a time - homogeneous Markov process with states A, F, I, O  and D
could be used to model the progress of patients through the system with the ultimate
aim of reducing the average time spent at AIIMS.

i) Write down the matrix of transition rates, {σij: i, j =  A, F, I, O, D}, of such a
model.

ii) Calculate the proportion of patients who eventually receive in - patient treatment.

iii) Find the probability that a patient arriving at time t = 0 is yet to be classified by
a junior doctor at time t. 5
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d) A continuous time Markov sickness and death model has four states :

H : Healthy

S : Sick

T : Terminally Ill

D : Dead

From  a healthy state the transitions are possible to states S and D, each at the rate of
0.05 per year. A sick person recovers his health at the rate of 1.0 per year; other
possible transitions are to D and T, each with a rate of 0.1 per year. Only one transition
is possible from the terminally ill state; and that is to state D with transition rate of
0.4 per year.

Let dj denote the probability that a life, which is currently in state j, will never suffer
terminal illness. By considering the first transition from state H, show that
dH = (1/2) + (1/2) ds and deduce similarly that ds = (1/12) + (5/6) dH. Hence, evaluate
dH and ds.

5

e) Consider the following time - inhomogeneous Markov jump process with transition
rates as shown below :

i) Write down the generator matrix at time t.

ii) Write down the Kolmogorov backward differential equations for P33(s,t) and
P13(s,t).

5

sssssss

2

3

1 4

0.6t

0.2t
0.1t

0.05t

0.3t

0.15t

http://www.ycmouonline.com

http://www.ycmouonline.com

