Time: 3Hours

V45/S04041/EE/20160709

Marks: 80

Instruction :

1. All Questionsare Compulsory.

2. Each Sub-question carry 5 marks.

3. Each Sub-question should be answered between 75 to 100 words. Write every questions
answer on separate page.

4.  Question paper of 80 Marks, it will be converted in to your programme structure marks.

1. Solveany four sub-questions.
a  Outline the key differences between deterministic models and stochastic models.

Give an example each of deterministic and stochastic models. 5

b) A new town is planned in a currently rural area. A model is to be developed to
recommend the number and size of schoolsrequired in the new town. The proposed

modelling approachisasfollows: 5

»  Thecurrent age distribution of the population in the areais multiplied by the
planned popul ation of the new town to produce an initial population distribution.

. Current national fertility and mortality rates by age are used to estimate births
and degths.

*  Thebirthsand deathsare applied totheinitia population distributionto generate
aprojected distribution of thetown’s popul ation by agefor each future year, and
hence the number of school age children.

Discussthe appropriateness of the proposed modelling approach.
c) 1) Explainhow the classification of stochastic processes according to the nature
of their state space and time space |eadsto afour way classification. 1
i)  For each of thefour types of process give an example of astatistical model. 4
d) Defineeach of thefollowing:

i)  Whitenoise 1

i)  Poisson process 2

i) Filtration 2

e) Xiisasimplerandomwalk with p astheincrement probability. 5

Calculate P(X,,, = 20|X ;= 0), P(X,, = 0[X,=0), P(X,, = 5|X ;= 0), P(X,,, = 10X, = 0).
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2. Solveany four sub-questions.

a)

b)

KA16-1218

Inagameof tennis, whenthe scoreisat “Deuce’ the player winning the next point holds
“Advantage’. If aplayer holding “ Advantage’ winsthefollowing point that player wins
the game, but if that point iswon by the other player the scorereturnsto “ Deuce”.

When Andrew playstennisagainst Ben, the probability of Andrew winning any point
is0.6. Consider aparticular game when the scoreisat “ Deuce”.

i)  Show that the subsequent scorein the game can be modelled asaMarkov Chain,
specifying both: 3
p) Thestate space; and
g) Thetransition matrix

i) State, with reasons, whether thechainis: 2
p) Irreducible; and
g) Aperiodic

A.R. Rehman amusician has to compose Eight tracks for amovie and typically he
workson onetrack each week. Every Friday, A.R. Rehman critically reviewsthetrack
he hasjust composed. Thereisan 80% chancethat hewill be happy with hiswork and
the track will be treated as final. However, there is a 20% chance that Mr. Rehman
will not be satisfied; and will dismiss the just-composed track. Once A. R. Rehman
hasfinalized atrack, he doesnot revisit it at any later date.
L et T, denotethe number of tracksthat Mr. Rehman has completed by the end of the
kth week.
LetT,=0
i) Explainwhy T, canbemodelled asaMarkov Chain. 2
i)  Caculatethe probability that A.R. Rehman will composeall 8 tracksin: 3
p) Exactly 8weeks
g Exactly 12weeks
A motor insurer’s No claims discount system uses the following levels of discount
{ 0%, 25%, 40%, 50%} . Following a claim free year a policyholder moves up one
discount level (or remainson 50% discount). If the policyholder makes one (or more)
clamsin ayear they move down onelevel (or remain at 0% discount).
Theinsurer estimatesthat the probability of making at least oneclaminayearis0.1
if the policyholder made no claimsthe previousyear, and 0.25 if they madeaclaim
the previousyear.
New policyholders should beignored.
i)  Explainwhy the system with state space { 0%, 25%, 40%, 50%} doesnot form

aMarkov Chain. 2
i) p)  Show how a Markov Chain can be constructed by the introduction of
additional states.

g) Write down the transition matrix for this expanded system, or draw its
transition diagram.

3
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Employeesof acompany are given aperformance appraisal each year. The appraisal
results in each employee’s performance being rated as High (H), Medium (M) or
Low (L). From evidence using previousdatait is believed that the performancerating
of an employee evolvesasaMarkov Chainwith transition matrix.

H M L
H(1-a-d? a o’
P=M a 1-2¢
L o? a l-a-d?
for some parameter o.
i)  Determinetherangeof valuesfor a for which the matrix Pisavalid transition
matrix. 2
i)  Explainwhether thechainisirreducibleand/ or aperiodic. 3

A no claims discount system operates with four levels of discount
0%, 20%, 40% and 50%.

If a policyholder makes no claim during the year he moves up alevel of discount
(or remains at the maximum level). If he makes one claim during the year he moves
down onelevel of discount (or remainsat the minimum level) and if he makestwo or
more claims he movesdown to, or remains at, the minimum level.

The probability for apolicyholder making two or more claimsin ayear is25%.

The long-term probability of being at the 0% discount level is the same as the
long-term probability of being at the 50% discount level.

Derivethe probability of apolicyholder making exactly oneclaiminagivenyear.

5
3. Solveany four sub-questions.
a) Observation of lifei begins at exact age 82 years and 3 months. Observation will
continue until the earlier of thelife’s 83rd birthday or death. 2
1) Statethevaueor range of valuestaken by:
P ab
Q9 V
i) Letthetransitionintensity uequal 0.1. Find
p)  Theprobability function of D; 1
q)  Theprobability density/massfunction of V; 2
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b)

KA16-1218

A scientist identifies 1,100 newborn kittens and observesthem during their first year
of life. Scientist wishesto calcul ate a constant force of mortality (u) inthefirst year
covering all causes of death. If the true 1 is0.036, calculate the probability that the
hazard rate observed by the scientist is greater than 0.04. 5

Aninvestigation was carried out into the rel ationship between sicknessand mortality
inan historical population of working class men. Theinvestigation used athree-state
model with the states:

i)  Hedlthy

i) Sick

iii) Dead

L et the probability that apersonin statei at timex will bein statesj at timex +t be

tp! . Let the transition intensity at time x + t between any two statei and j be 4!, .
Theinvestigation collected thefollowing data:

. Man -yearsin Healthy state 265

. Man-yearsin sick state 140

. Number of transitions from Healthy to sick 20
. Number of transitions from Sick to Dead 40

i)  Derive the maximum likelihood estimator of the transition rate from sick to
dead. 3

i)  Hence estimate the value of the constant transition ratefrom sick todead. 2

A government hasintroduced atwo-tier driving test system. Once someone applies
for aprovisional licencethey are considered a L earner driver. Learner driverswho
score 90% or more on the primary examination (which can be taken at any time)
become qualified. Those who score between 50% and 90% are obliged to sit a
secondary examination and are given driving status restricted. Those who score
50% or below on the primary examination remain as Learners. Restricted drivers
who passthe secondary examination become qualified, but thosewho fail revert back
tolearner status and are obliged to start again.

i)  Sketchadiagram showing the possibletransitions between the states. 2

i)  Writedownthelikelihood of the data, assuming transition rates between states
are constant over time, clearly defining all termsyou use. 3
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A Markov processhastwo states, |abelled state A and state B. You are given that
Hag =0.02and pg, = 0.08.

Write down Kolmogorov's forward differential equation for the probability p,g(t)
and solvethisdifferential equation to obtain an expression for p,g(t). 5

4. Solveany four sub-questions.

a)

b)

KA16-1218

A continuoustime Markov processwith states{ Abletowork (A), Temporarily unable
towork (T), Permanently unable to work (P), Dead (D)} isused to model the cost of
providing an incapacity benefit when a person is permanently unable to work. The
generator matrix, with rates expressed per annum, for the processis estimated as:

A T P D

A -0.15 0.1 0.02 0.03
T 045 0.6 0.1 0.05
P 0 0 -02 0.2
D 0 0 0 0
i)  Calculate the probability of a person remaining in state A for at least 5 years
continuoudly. 2
i)  DefineF(i) to bethe probability that aperson, currently in statei, will never be
in state P, 3

Derive an expression for:
p)  F(A) by conditioning on thefirst move out of stateA.
g) F(T) by conditioning on thefirst move out of stateT.

For Poisson process N(t) with parameter A, derive an expression for difference
differential equation for Pn(t) = P(N(t) = n) from first principle. Hence evaluate
Po(t) 5
Marital statusisconsidered using the following time-homogeneous, continuoustime
Markov jump process:

*  Thetransitionratefrom unmarried to married is0.1 per annum.

Thedivorcerateisequivalent to atransition rate of 0.05 per annum.

The mortality rate for any individual is equivalent to a transition rate of
0.025 per annum, independent of marital status.

The state space of the process consists of five states: Never Married (NM), Married

(M), Widowed (W), Divorced (DIV) and Dead (D).

P, isthe probability that aperson currently in state x, and who has never previously

been widowed, will diewithout ever being widowed.

i)  Construct atransition diagram between thefive states. 2
i)  Caculatethe probability of never being widowed if currently instateNM. 2
i)  Suggest two waysinwhichthe model could be made morerealistic. 1
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d) Theoccurrenceof hurricanesinacounty can be modeled asaPoisson process. Twenty
hurricanes havetouched downinacounty withinthelast twenty years. If thereisat least
one hurricane occurring in ayear, that year isclassified asa‘ hurricaneyear’ .

i)  Whatisthe probability that next year will bea*hurricaneyear’? 2
i)  What isthe probability that therewill betwo ‘hurricaneyears within the next
threeyears? 3

e 1) p Explanwhatismeant by aMarkov jump process.
g) Explainthecondition needed for such aprocessto betime-homogeneous.

2
i)  Outlinethe principal difficultiesin fitting aMarkov jump process model with
time-inhomogeneousrates. 2

A company providessick pay for amaximum period of Sx monthstoitsemployees
who areunabletowork. Thefollowing three-state, time-inhomogeneous Markov
jump process has been chosen to model future sick pay costsfor anindividual:

o(t)
R
4—
p®
uﬁ\A /v(t)
Dead
D)

Where sick means unable to work and Healthy meansfit to work.

Thetime dependence of thetransition ratesisto reflect increased mortality and
morbidity rates as an employee getsolder. Timeisexpressed in years.

i)  Writedown Kolmorgorov’sforward equationsin matrix form for this process,
specifying the appropriate transition matrix. 1
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