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Time : 3 Hours Marks : 80

Instructions :
1. All Questions are Compulsory.

2. Each Sub-question carry 5 marks.

3. Each Sub-question should be answered between 75 to 100 words. Write every questions
answer on separate page.

4. Question paper of 80 Marks, it will be converted in to your programme structure marks.

1. Solve any four sub-questions.

a) i) How would you describe a stochastic  model? 1

ii) Give two advantage and two disadvantage of stochastic model over deterministic
model. 4

b) The government of a small island state intends to set up a model to analyze the mortality
of the island's population over the past 50 years.

Describe the process that would be followed to carry out the analysis. 5

c) i) What is a Stochastic process? 1

ii) For each of the following processes:

• Counting process

• Simple random walk

• Compound Poisson process

• Markov jump process

(p) State whether the state space is discrete, continuous or can be either. 2

(q) State whether the time set is discrete, continuous, or can be either. 2

d) For discrete time stochastic process Xn, define the following terms:

i) Stationary

ii) Weakly stationary

iii) Increment

iv) Markov property 5

e) Xt is a simple random walk with p as the  increment probability. Calculate
P(X10 =2|X0 =2), P(X10 =0| X0= 2), P(X10 =5| X0= 2),P(X100 =10| X0= 2) 5
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2. Solve any four sub-questions.
a) A shopkeeper runs his shop in an area that typically gets heavy rains. He has three

umbrellas.
Every day, he goes to his shop in the morning and comes back home in the evening. If
it is raining in the morning, he would carry an umbrella on the way to the shop (unless
if, unfortunately, all three umbrellas happen to be at the shop). Likewise, if it is raining
in the evening, he would carry an umbrella on his way back home (unless if,
unfortunately, all three umbrellas happen to be at his home). If it is raining and he
doesn't have an umbrella he would still need to go to his shop (or come back home)
and will unfortunately end up getting wet.
If it is not raining in the morning, and all three umbrellas are at home, he would
nevertheless carry an umbrella to the shop just in case it rains in the evening. However,
if he has goods to carry to his shop that day, he would not be able to carry an umbrella
and would run the risk of getting wet in the evening.
Likewise if it is not raining in the evening, and all three umbrellas are at shop, he
would nevertheless carry an umbrella back home just in case it rains next morning.
However, if he has goods to carry back home that evening; he would not be able to
carry an umbrella and would run the risk of getting wet the next day.
In other words, he would always carry an umbrella if:
• It is raining and he has an umbrella to carry from his starting place; or
• It is not raining, he has all three umbrellas at his starting place and he does not

have any goods to carry.
The probability that he has goods to carry from one place to the other (home to shop
or shop to home) is 75%.
The probability that it's raining in the morning is p. Likewise’ the probability that it's
raining in the evening is also p. Rains in the morning and in the evening are events
independent of each other.
Draw  a transition diagram and write down the transition matrix for this Markov chain.
[Hint: You may define Xi to represent the number of umbrellas at a place where the
shopkeeper presently is. Xi  can take the values 0, 1, 2 and 3]. 5

b) A  Math teacher, who does not want to be predictable, decided to assign homework
based on probabilities. On the first day of class, she drew this picture on the board to
tell the students whether to expect a full assignment (F), a partial assignment (P) or
no assignment (N),  the next day.  The probability of getting full,  partial or no assignment
tomorrow also depends upon the type of assignment given today. The children go to
school only 5 days a week from Monday to Friday.

i) Construct the transition matrix that corresponds to this drawing. 1
ii) Calculate up to two decimal places , the matrix to which it would appear

converged after many days. 4
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c) An automobile insurance company operates a 5 level no claims discount system as
defined below:

Level  %premium charged

 5 100

4 90

3 80

2 70

1 60

Insured drivers move between the levels depending on the number of claims in the
previous year.

For each policyholder, the Number of claims per year follows a Poisson distribution
with a mean of 0.25.

For those in levels 2, 3, 4 and 5 at the start of the previous year:

• If no claims were made in the previous year, the insured moves down one level
(for example from level 4 to level 3).

• If one claim is made in the previous year, the insured moves up  one level
(except those in level 5 at the start of the previous year, who remain in level 5).

• If two claims are made in the previous year, the insured moves up  two levels
(except those in level 5 at the start of the previous year, remain in level 5 and
those in level 4 move to level 5 ).

• If three or  more claims are made during the previous year the insured moves to
level 5.

For those in level 1 at the start of the previous year, a no claims discount protection
policy applies whereby they remain in level 1 if they make one claim. If they make
two claims they move to level 2. If they make three or more claims, they move to
level 5. If they make no claims, they remain in level 1.

Determine the transition matrix for the no claims discount system (you can assume
that all drivers continue with their policies). 5

d) A profession has examination papers in two subjects, A and B, each of which is marked
by a team of examiners. After each examination session, examiners are given the
choice of remaining on the same team, switching to the other team, or taking a session's
holiday.

In recent sessions, 10% of subject A's examiners have  elected to switch to subject  B
and 10% to take a holiday. Subject B is more onerous to mark than subject A, and in
recent sessions, 20% of subject B's examiners have elected to take a holiday in the
next session, with 20% moving to subject A.

(P.T.O.)
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After a session’s holiday, the profession allocates examiners equally between subjects
A  and B. No examiner is permitted to take holiday for two consecutive sessions.

i) Determine the transition matrix for this process. 2

ii) Calculate the proportion of the profession's examiners marking for subjects A
and B in the long run. 3

e) State whether the following statements are True or False: 5

i) It is possible to have a Markov chain that has more than one stationary
distribution.

ii) It is possible to have a Markov chain that has no stationary distribution.

iii) A Markov chain with a finite state space has at least one stationary probability
distribution.

iv) An irreducible Markov chain  with a finite state space has a unique stationary
probability distribution.

v) A reducible Markov chain must have more than one steady state solution.

3. Solve any four sub-questions.

a) Consider a one-server system which follows continuous two state Markov process
with two possible states: 0(idle) and 1 (busy).

Assuming that the arrival process of the customers is a Poisson process with mean
rate λ and the service time of the server have mean rate μ .

Let P0  (t) be the probability that the server is idle at time t and P1 (t) be the probability
that the server is busy at time t.

Determine the steady state probability   P0  (t). 5

b) A scientist identifies 1,250 newborn kittens and observes them during their first year
of life. Scientist wishes to calculate a constant force of mortality ( μ ) in the first
year covering all causes of death. If the true μ  is 0.04, calculate the probability that
the hazard rate observed by the scientist is greater than 0.05. 5

c) A life insurance company prices its long-term sickness policies using a three -state
Markov model in continuous time. The states are healthy (H),ill (I) and dead (D).
The forces of transition in the model are σ HI =σ ,σ IH = ρ ,σ HD = μ ,σ ID = v and
they are assumed to be constant over time.

For a group of policyholders observed over a 1-year period, there are:

23 transitions from State H to State I;

15  transitions from State I to State H;

3 deaths from State H;

5 deaths from State I.
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The total time spent in state H is 652 years and the total time spent in state I is 44
years
i) Write down the likelihood function for these data. 3
ii) Derive the maximum likelihood estimate of σ . 2

d) An investigation into mortality by cause of death used the four-state Markov model
shown below.

The investigation was carried out separately for each year of age, and the transition
intensities were assumed to be constant within each single year of age.
i) Write down, defining all the terms you use, the likelihood for the transition

intensities.
ii)  Derive the maximum likelihood estimator of the force of mortality from heart

disease for any single year of age. 5
e) During a large study into rates of sickness:

• 2,680 healthy lives fell sick and 2,450 sick lives recovered
• 72 healthy lives and 126 sick lives died.
For the whole group, the periods of health and sickness totalled 41,900 and 6,800
years. Estimate the annual forces of transition between the states Healthy, Sick and
Dead. Find 95% confidence limits for transition rate from Sick to Dead. 5

4. Solve any four sub-questions.
a) Consider a time-homogeneous Markov jump process {X(t):t ≥ 0} with two states

denoted by 0,1,and transition rates σ 0,1 = λ ,σ 1,0= μ .
i) Write down the Chapman-Kolmogrov equations and differentiate it to obtain

the forward and backward equations. 4
ii) State Kolmogorov's forward equation for the probability P0,0 (t).that X is instate

0 at time t, given that it starts in state 0. 1
b) Two trains 2301 and 2401 stop at Dadar and go to Churchgate.I am waiting at Dadar

2401 is a "fast" train and has fewer stops and hence takes lesser time.Both the trains
arrive at Dadar in accordance with independent Poisson processes with parameters 5
per hour and 1 per hour respectively.
Calculate the probability that
i) I have to wait for more than 15 minutes for a train, if I have just missed one 2
ii) I see exactly one 2301 pass while I am waiting for a 2401. 3

(P.T.O.)

1 Alive

3 Dead From cancer 4 Dead From other
causes

2 Dead from heart
disease
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c) Marital status is considered using the following time-homogeneous, continuous time
Markov jump process:

• The transition rate from unmarried to married is 0.1 per annum

• The divorce rate is equivalent to a transition rate of 0.05 per annum.

• The mortality rate for any individual is equivalent to a transition rate of 0.025
per annum, independent of marital status.

The state space of the process consists of five states:

Never Married (NM), Married(M), Widowed (W), Divorced (DIV) and Dead (D).

Px  is the probability that a person currently in state x, and who has never
previously been widowed, will die without ever being widowed.

i) Construct a transition diagram between the five states. 2

ii) Show, by general reasoning or otherwise, that PNM equals PDIV . 1

iii) Demonstrate that: 2

PNM =
1 4

5 5
+ ×PM

PM =
1 1

4 2
+ × PDIV

d) Steve job's biography is very popular these days at a college library. Keeping in mind
the demand, the librarian wants to understand student’s  reading patterns and in particular
how these influence the availability of this book at the library.

The librarian had read a book on Markov Jump Processes and realized these can be
applied for his analysis. He decides to use a two-state Markov Process with the states
being reflecting the status of the book-borrowed (B) or available (A).

The fortnightly transition rates between these states are given below :

0.9 0.9

0.1 0.1

A B

−⎡ ⎤
⎢ ⎥−⎣ ⎦

The probabilities of the book being either borrowed or available at time t are denoted
by PB (t) and PA (t).

i) Write down Kolmogorov's forward equation for PB’(t). 2

ii) Solve the equation in part (i) to obtain a formula for the probability that the
book is borrowed at time t, given that it was available at time 0. 3
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e) Each patent application (state F at filling) arriving at the Geneva office of patent
registration, waits for an average five days before being classified by a Patent Officer
into one of the following :

• Seeking more information from the applicant (state I)

• Straight forward application (a clear case, either way, of grant or rejection-state R)

• Complex application, warrants a further investigation by a technical expert (state E)

Generally, 40 % of the applications are found to be incomplete and results in more
information being sought from the applicants. 40% applications are found to be
sufficiently complex so as to warrant a further investigation by a technical expert.
About 80% of the cases referred to a technical expert result in further information
being sought from the applicants. Only 20% of the cases result in a clear grant/reject
recommendation by a technical expert. A technical expert typically takes on average
4 days to process a case referred to him/her.

In the instances where further information is sought from the applicant, whether by a
Patent Officer or a technical Expert, the applicant usually takes on average 10 days to
provide additional information. The applicant is required to submit this information
to an in-house panel (state P) which then makes a clear  grant/reject recommendation
in about 10 days on an average.

It is suggested that a time-homogenous Markov process with states F, I, E, P and R
could be used to model the progress of applications through the patents approval
process.

i) Draw the transition diagram and write down the generator matrix for such a
Markov process. 4

ii) Calculate the proportion of the applications where more information is sought
from the applicant. 1
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