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Time : 3 Hours Marks : 80

Instructions :
1. All Questions are Compulsory.

2. Each Sub-question carry 5 marks.

3. Each Sub-question should be answered between 75 to 100 words. Write every questions
answer on separate page.

4. Question paper of 80 Marks, it will be converted in to your programme structure marks.

1. Solve any four sub-questions.

a) Define complete and curtate expectation of life and derive from first principles the
algebraic expression for any one of them. 5

b) A tiny insect in Nanoland has a probability of death of 0.15 in the 1st year of its life
and a constant force of mortality of 0.02 thereafter.

i) If we assume a constant force of mortality operating in the first year, calculate
this force of mortality. 1

ii) Find the complete expectation of life of the insect at its birth. 4

c) i) State the precise mathematical formula representing the complete expectation
of life, in terms of probability of survival, tpx. Explain in words what this
represents. 2

You are given that the force of mortality, is constant 0.0325 at all ages. Calculate:

ii) The curtate expectation of life. 2

iii) The probability that a life aged exactly 36 will survive to age 45. 1

d) An oil company has discovered a vast deposit of oil in an equatorial swamp. The area
is extremely unhealthy and inhabited by venomous spiders. There is an antidote to
bites from these spiders but it is expensive. The antidote acts instantly but does not
provide future immunity. The company commissions a study to estimate the rate of
being bitten by the spiders among its employees, in order to determine the amount of
antidote to provide.

Employees of the company are posted to the swamp for six month tours of duty
starting on 1 January, 1 April, 1 July or 1 October. The first employees to be posted
arrived on 1 January 2008. The swamp is so inaccessible that no employees are allowed
to leave before their six month tours of duty are completed.

Accidental deaths are common in this dangerous location.

(P.T.O.)

http://www.ycmouonline.com

http://www.ycmouonline.com


KA16-1365 V46/S14022/EE/20160711 : 2

The table below gives some data from the study.

Quarter Number of new Number of Number of
beginning arrivals at start accidental deaths spider bites

of quarter during quarter during quarter

1 January 2008 90 10 15

1 April 2008 80 8 25

1 July 2008 114 10 30

1 October 2008 126 13 40

Estimate the quarterly rate of being bitten by a spider for the first three quarters of
2008, stating any assumptions you make. 5

e) Population censuses in a certain country are taken each year on the President’s birthday,
provided that the President’s astrological advisor deems the taking of a census
favourable. Censuses record the age of every inhabitant in completed years
(that is, curtate age). Deaths in this country are registered as they happen, and classified
according to age nearest birthday at the time of death.

Below are some data from the three most recent censuses.

Age in Population Population Population
completed 2006 2009 2010

years (thousands) (thousands) (thousands)

64 300 320 350

65 290 310 330

66 280 300 320

Between the censuses of 2006 and 2009 there were a total 3,000 deaths to inhabitants
aged 65 nearest birthday, and between the censuses of 2009 and 2010 there were a
total of 1,000 deaths to inhabitants aged 65 nearest birthday.

Estimate, stating any assumptions you make, the death rate at age 65 years for the
period between the 2006 and 2009 censuses. 5

2. Solve any four sub-questions.

a) i) Describe giving reasons, the types of censoring present in the data given in Q2
(b) below. 2

ii) Define any three types of censoring. 3
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b) A new weed killer was tested which was designed to kill weeds growing in grass. The
weed killer was administered via a single application to 20 test areas of grass. Within
hours of applying the weed killer, the leaves of all the weeds went black and died, but
after a time some of the weeds re-grew as the weed killer did not always kill the
roots.

The test lasted for 12months, but after six months five of the test areas were accidentally
ploughed up and so the trial on these areas had to be discontinued. None of these five
areas had shown any weed re-growth at the time they were ploughed up.

• Ten of the remaining 15 areas experienced a re-growth of weeds at the following
durations (in months) : 1, 2, 2, 2, 5, 5, 8, 8, 8, 8.

• Five areas still had no weed re-growth when the trial ended after 12 months.

Estimate the probability that there is no re-growth of weeds nine months after
application of the weed killer using either the Kaplan-Meier estimator. 5

c) For the data given in Q2(b) above, obtain Nelson-Aalen’s estimate for survival function.
5

d) An electronics company developed a revolutionary new battery which it believed would
make it enormous profits. It commissioned a sub-contractor to estimate the survival
function of battery life for the first 12 prototypes. The sub-contractor inserted each
prototype battery into an identical electrical device at the same time and measured
the duration elapsing between the time each device was switched on and the time its
battery ran out. The sub-contractor was instructed to terminate the test immediately
after the failure of the 8th battery, and to return all 12 batteries to the company.

When the test was complete, the sub-contractor reported that he had terminated the
test after 150 days. He further reported that:

• two batteries had failed after 97 days

• three further batteries had failed after 120 days

• two further batteries had failed after 141 days

• one further battery had failed after 150 days

However, he reported that he was only able to return 11 batteries, as one had exploded
after 110 days, and he had treated this battery as censored at that duration when working
out the Kaplan-Meier estimate of the survival function.

Calculate the Kaplan-Meier estimate of the survival  function based on the information
supplied by the sub-contractor. 5
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e) A trial was conducted on the effectiveness of a new cream to treat a skin condition.
100 sufferers applied the cream daily for four weeks or until their symptoms
disappeared if this happened sooner. Some of the sufferers left the trial before their
symptoms disappeared. The following data were collected.

Number of Day symptoms Number of Day they left
Sufferers disappeared sufferers the trial

2 6 3 2

1 7 1 10

1 10 3 13

2 14

Calculate the Nelson-Aalen estimate of the survival function for this trial. 5

3. Solve any four sub-questions.

a) A study is made of the impact of regular exercise and gender on the risk of developing
heart disease among 50-70 year olds. A sample of people is followed from exact age
50 years until either they develop heart disease or they attain the age of 70 years. The
study uses a Cox regression model.

The investigator defined two covariates as follows:

• Z1 = 1 if male, 0 if female.

• Z2 = 1 if takes regular exercise, 0 otherwise.

The investigator then fitted three models, one with just gender as a covariate, a second
with gender and exercise as covariates, and a third with gender, exercise and the
interaction between them as covariates. The maximised log-likelihoods of the three
models and the maximum likelihood estimates of the parameters in the third model
were as follows:

null model –1,269

gender –1,256

gender + exercise –1,250

gender + exercise + interaction –1,246

Covariate Parameter

Gender 0.2

Exercise –0.3

Interaction –0.35

Show that the interaction term is required in the model by performing a suitable
statistical test. 5
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b) A study has been conducted to investigate the effect of a newly invented drug on a
group of patients who are suffering from cancer. The following proportional hazard
regression model has been fitted to the mortality data of the group of patients.
hi(t) = h0(t)x exp{0.01(xi–30) + 0.2yi – 0.05zi} where
hi(t) denotes the hazard function for life i at duration t
h0(t) : denotes the baseline hazard function at duration t
xi : denotes the age at entry into the observation of life i
yi = 1 if life i is a non-smoker, else 0.
zi = 1 if life i is a male, 0 if female.
i) Describe the class of lives to which the baseline hazard function applies. 1
ii) Using the model compare the survival function of a male smoker aged 30 at

entry relative to a female smoker aged 40 at entry. 2
iii) Using the model compare the survival function of a male smoker aged 30 at

entry relative to a male smoker aged 40 at entry. 2
c) An investigation into the risk factors associated with mortality from breast cancer

among women was undertaken. The purpose of the investigation was to establish
whether a new treatment was effective in prolonging survival. Two groups of patients
were identified. One group was given the “new” treatment and the other was given the
“existing” treatment. Other factors taken into consideration were the patient’s general
state of health at time of diagnosis (recorded as ‘able to care for self’ or ‘unable to
care for self’), and the type of tumor (recorded as ‘Inflammatory’, ‘Ductal’, ‘Lobular’
or ‘Invasive’).
A cox proportional hazards model of the hazard of death was estimated. The table
below shows an extract from the results.

Covariate Parameter Standard
error

General state of health at time of diagnosis
Able to care for self –0.6 0.05

Unable to care for self 0
Treatment

New –0.2 0.15
Existing 0

Type of tumour
Inflammatory 0

Ductal –0.4 0.3
Lobular 0.35 0.2
Invasive 0.45 0.25

i) In the context of the investigation described above, state the class of women to
which the baseline hazard refers. 1

ii) Compare the new treatment with the previous one. Does it improve the chances
of survival, make them worse, or is it not possible to say? Justify your answer.

4
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d) i) Given that 0.9,xp =  calculate 0.5 xp  and 0.5 0.5xp +  using the following
assumptions about mortality between ages x and x +1:
1) Uniform distribution of deaths
2) Baldacci assumption 4

ii) Comment on how appropriate you think each of these assumptions is. 1
e) In a mortality investigation the following data has been recorded for 7 independent

lives observed between exact ages 40 and 41 years.
Si = the time in years after exact age 40 when the ith life came under observation.
ti = time in years after exact age 40 when the ith life was censored.
di = 1 if ith life died before x + ti
= 0 if ith life survived to x + ti
ui : if di = 1, then x + ui is the age at death.
The data observed during the investigation is set out in the table below:

i si ti di ui
1 0 1 0 -
2 0.4 0.7 0 -
3 0.3 0.9 1 0.7
4 0 0.9 1 0.6
5 0 1 1 0.8
6 0.5 1 1 0.9
7 0 0.4 0 -

Using Poisson model of mortality and assuming constant force of mortality over
'
40μ  (40, 41), write down the likelihood of these observations. 3

Hence calculate the maximum likelihood estimate of '
40μ . 2

4. Solve any four sub-questions.
a) An investigation was carried out into the mortality of male undergraduate students at

a large university. The resulting crude rates were graduated graphically.
The following table shows the observed numbers of deaths at each age x, dx and the

s
xq  obtained from the graduation, together with the number of lives exposed to risk at

each age.

Age x dx
s
xq Exposed-to-risk

18 6 0.0012 5200
19 8 0.0013 5000
20 12 0.0015 4800
21 8 0.0017 5000
22 9 0.0019 3800
23 6 0.0020 3600
24 8 0.0021 3200

Test whether the overall fit of the graduated rates to the crude data is satisfactory
using a chi-squared test. 5
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b) A life insurance office has carried out an investigation of its withdrawal experience.
It has obtained crude rates of withdrawal in the following form

ˆ t
t

t

w
q

E
=

wt = number of observed withdrawals at curtate policy durations.

Et = initial exposed to risk corresponding to wt.

The company has graduated the rates by fitting the following formula by the weighted
least square method

2
tq t tα β γ= + +�

, ,α β γ  are parameters estimated from the data.

The following data are given

t ˆtq 0
tq Et

0 0.1515 0.1324 3706

1 0.0963 0.1051 3262

2 0.0746 0.0832 5171

3 0.0683 0.0651 3243

4 0.0553 0.0521 5147

5 0.0396 0.0438 3850

6 0.0432 0.0383 3080

7 0.0514 0.0381 2094

8 0.0381 0.0423 1083

9 0.0437 0.0515 1511

Comment on the suitability of the graduation model for the underlying withdrawal
experience. Analysis should be by applying the following tests

i) Chi square

ii) Sign test 5
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c) As part of the exercise to price a group insurance scheme, a large Life Insurance
Company has undertaken to investigate the mortality rate of the employees engaged
in a hazardous occupation. The following is an extract from the exercise.

Age Group Average Initial Exposed Observed
Age to Risk - Ex deaths - xθ

20-25 23 900 2

26-30 28 1200 4

31-35 33 1300 5

36-40 38 1500 7

41-45 43 1100 8

46-50 48 800 9

51-55 53 650 9

56-60 58 350 5

It was decided to graduate results with reference to the standard mortality rate of an

assurance table published by the actuarial institute using a formula 
0

2 s
xxq q= ∗ . This

is the standard mortality rate.

The standard mortality rates from the assurance table for the average ages are given
below:

Age 23 28 33 38 43 48 53 58

Mortality
rate 0.0011 0.0012 0.0013 0.0018 0.0027 0.0045 0.0075 0.0115

i) Explain the terms “Under graduation” and “Over graduation”. 2

ii) Test the graduation using signs test

1) State the feature of the graduation it is designed to detect.

2) Carry out the test

3) State your conclusion 3

d) Discuss Graduation by Parametric formula. 5

e) Explain Grouping of Sign test with reference to testing of graduated rates. 5

sssssss

http://www.ycmouonline.com

http://www.ycmouonline.com

